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The nappe oscillation is examined and predicted by amodel based upon the potential flow
theory. The shear waves appearing on the sheet and leading to the sheet break-up are discussed by
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$\Delta\phi=0$ , $\frac{\partial\phi_{I}}{\partial t}+\frac{1}{2}\{(\frac{\partial\phi_{I}}{\partial x})^{2}+(\frac{\partial\phi_{I}}{\partial y})^{2}\}-gx+\frac{P_{I}}{\rho_{w}}=0$ (1)
, $\phi_{I}$ $P_{I}$ . T $I$
. $\rho_{w}$ , $g$ . $t$ , $x,y$ $x$
. 2 $\eta_{r},$ $\eta_{e}\iota\iota$ ,
$P_{I}+T\kappa_{\alpha}-P_{S\alpha}=0$ , $\frac{\partial\eta_{\alpha}}{\partial t}+\frac{\partial\phi_{I}}{\partial x}\frac{\partial\eta_{\alpha}}{\partial x}$ $- \frac{\partial\phi_{I}}{\partial y}=0$ , at $y=\eta_{\alpha},$ $\alpha=r,\ell$ (2)
. $\alpha$ $r$ $\ell$ , $r$ , $\ell$
. , $Ps\alpha$ , $T$ , $\kappa_{\alpha}$
.
, $x$ $y$




$Ps_{\alpha}=\mathit{1}$ 5 o(xt $t$) $+\delta Ps\alpha 1(x,t)+\cdots$ ,
$\delta\equiv\epsilon^{2}$ (4)
, [3].
$\frac{\partial \mathrm{Y}_{l}}{\partial t}+\frac{\partial}{\partial x}(U_{0}\mathrm{Y}_{l})=0$ , (5)
$\rho_{w}(\frac{\partial U_{0}}{\partial t}+U_{0}\frac{\partial U_{0}}{\partial x})=(\rho_{w}-\rho_{a})g$ , (6)
$2 \rho_{w}\mathrm{Y}_{l}\frac{\partial^{2}\mathrm{Y}_{m}}{\partial t^{2}}+2\rho_{w}\mathrm{Y}_{s}(\frac{\partial U_{0}}{\partial t}+U_{0}\frac{\partial U_{0}}{\partial x})\frac{\partial \mathrm{Y}_{m}}{\partial x}$
$+4 \rho_{w}\mathrm{Y}_{l}U_{0}\frac{\partial^{2}\mathrm{Y}_{m}}{\partial t\partial x}+(2\rho_{w}\mathrm{Y}_{l}U_{0}^{2}-2T)\frac{\partial^{2}\mathrm{Y}_{m}}{\partial x^{2}}$ $=P_{S\ell 1}-P_{Sr1}$ . (7)
,
$\ovalbox{\tt\small REJECT}=\frac{\partial\phi_{I0}}{\partial x},$ $\mathrm{Y}_{l}=\frac{1}{2}(\eta_{r0}-\eta\ell 0),$ $\mathrm{Y}_{m}=\frac{1}{2}(\eta_{r0}+\eta\ell 0)$ , (8)
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. (5) , (6), (7) . (6)





$(- \frac{\partial\phi_{\alpha}}{\partial x}\frac{\partial\eta_{\alpha}}{\partial x}$ $+ \frac{\partial\phi_{\alpha}}{\partial y})$ , $y=\eta_{\alpha}$ (9)




$\phi_{S\alpha 1}(x, t)=2\int_{0}^{h}G_{\alpha}(x,\overline{x})\frac{\partial\eta_{\alpha 0}}{\partial t}(\overline{x}, t)d\overline{x}$, $G_{\alpha}(x, \overline{x})=-\frac{1}{\pi}\sum_{n=1}^{\infty}\frac{\cos\frac{n\pi x}{h}\cos- n_{7^{\pi\underline{\overline{x}}}}}{n\tanh\frac{n\pi L}{h}}$ . (10)
, , y=L .
, VL . ,
. ,
,
$Ps \alpha 1(x, t)=-2\rho a\int_{0}^{h}G_{\alpha}(x,\overline{x})\frac{\partial^{2}\eta_{\alpha 0}}{\partial t^{2}}(\overline{x}, t)\Gamma x$ , (11)
. .





$\frac{\partial u_{w}}{\partial x}+\frac{\partial v_{w}}{\partial y}=0$
$\rho_{w}(\frac{\partial u_{w}}{\partial t}+u_{w}\frac{\partial u_{w}}{\partial x}+v_{w}\frac{\partial u_{w}}{\partial y})-\mu_{w}\frac{\partial^{2}u_{w}}{\partial y^{2}}-(\rho_{w}-\rho_{a})g=0$
$\frac{\partial p_{w}}{\partial y}=\rho_{w}(\frac{\partial v_{w}}{\partial t}+u_{w}\frac{\partial v_{w}}{\partial x}+v_{w}\frac{\partial v_{w}}{\partial y})-\mu_{w}\frac{\partial^{2}v_{w}}{\partial y^{2}}$ (13)
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$y$
$u_{w}$ $y$ 2 $u$
$v_{w}$ $y$ 3
$u_{w}(x,y,t)\approx u_{w}\mathrm{o}(x,t)+yu1(x,t)+y^{2}u_{w2}(x,t)$
$v_{w}(x,y,t)\approx v_{w0}(x,t)+yv_{w1}(x,t)+y^{2}v_{w2}(x, t)+y^{3}v_{w3}(x,t)$ (14)
(13)
$EqMx \equiv\rho_{w}(\frac{\partial u_{w0}}{\partial t}+u_{w0}\frac{\partial u_{w0}}{\partial x})-\rho_{w}g-2_{h}\sim 2=0$ (15)
$EqK_{S\ell} \equiv-v_{w0}+\frac{\partial\eta\ell}{\partial t}+\frac{\partial}{\partial x}(\mathrm{u}_{w0}\eta\ell+\frac{1}{2}u_{w1}\eta\ell^{2}+\frac{1}{3}u_{w2}\eta\ell^{3})=0$ , $\ell=p,$ $\mathrm{n}$ (16)
$EqSn_{\ell} \equiv-Sn\ell-p_{w}(x,\eta\ell,t)-\frac{\partial}{\partial x}(2\mu_{w}u_{w}0+2\mu u_{w1}\eta\ell+2\mu v\mathrm{M}2\eta\ell^{2}+S\frac{\partial\eta\ell}{\partial x}).=0$, $\ell=p,$ $n$ (17)
$EqSt_{\ell}\equiv-St_{\ell}+\mu_{w}u_{w1}+2\mu_{w}u_{w2}\eta\ell=0$, $\ell=p,$ $n$ (18)
$Sn\ell$ $St\ell$
(13) 2
$p_{w}(x, y, t)$ $\approx$ $p_{wm}(x, t)- \rho_{w}y(\frac{\partial v_{w0}}{\partial t}+\frac{\mu_{w}\partial_{\mathrm{h}v1}}{\rho_{w}\partial x}$ +u –\partial \partial vxw0 $-v_{w}0 \frac{\partial u_{w0}}{\partial x})$





$\rho_{a}(\frac{\partial u_{a}}{\partial t}+u_{a}\frac{\partial u_{a}}{\partial x}+u_{a}\frac{\partial u_{a}}{\partial y})+\frac{\phi_{a}}{\partial x}-\mu_{a}\Delta u_{a}=0$
$\rho_{a}(\frac{\partial v_{a}}{\partial t}+u_{a}\frac{\partial v_{a}}{\partial x}+u_{a}\frac{\partial v_{a}}{\partial y})+\frac{\partial p_{a}}{\partial y}-\mu_{a}\Delta v_{a}=0$
$\frac{\partial u_{a}}{\partial x}+\frac{\partial v_{a}}{\partial y}=0$ (20)
$Equ\ell\equiv-u_{a}$ ($x,\eta\ell$ , t)+u \tilde +uwl\eta \ell +uw2\eta \ell 2 $=0$, $\ell=p,$ $n$
$Eqv \ell\equiv-v_{a}(x,\eta\ell, t)+v_{w0}-\frac{\partial u_{w0}}{\partial x}\eta\ell-\frac{1}{2}\frac{\partial u_{w1}}{\partial x}\eta\ell^{2}-\frac{1}{3}\frac{\partial u_{w2}}{\partial x}\eta\ell^{3}=0$, $\ell=p,$ $n$ (21)
0
$Sn\ell$ $St\ell$ (21h
$\eta_{p},$ $\eta_{n},$ $u_{w0},$ $u_{w1},$ $u_{w2},$ $v_{w}0$ (15)\sim (18) $Pwm$ 7
7
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3.3 $\mathbb{R}\mathrm{E}\mathrm{I}_{-}^{-}\lambda\backslash 1To \mathrm{F}\mathrm{E}\mathrm{f}$
$u_{w1},$ $u_{w2}$ 1
$u_{w1}=0$ , $u_{w2}=0$ (22)
$narrow\infty$
$EqMx^{(n)}--- \rho_{w}(\frac{\partial u_{w0}^{(n)}}{\partial t}+u_{w0}^{(n)}\frac{\partial u_{w0}^{(n)}}{\partial x})-(\rho_{w}-\rho_{a})g-2\mu_{w}u_{w2}^{(n)}=0$,
$EqK_{S\ell}^{(n)} \equiv-v_{w0}^{(n)}+\frac{\partial\eta_{\ell}^{(n)}}{\partial t}+\frac{\partial}{\partial x}(u_{w0}^{(n)}\eta_{\ell}^{(n)}+\frac{1}{2}u_{w1}^{(n)}\eta_{\ell}^{(n)^{2}}+\frac{1}{3}u_{w2}^{(n)}\eta_{\ell}^{(n)^{3}})=0$ ,
$EqSn_{\ell}^{(n)} \equiv-Sn_{\ell}^{(n)}-p_{w}^{(n)}(x, \eta_{\ell}^{(n)}, t)-\frac{\partial}{\partial x}(2\mu_{w}u_{w0}^{(n)}+2\mu u_{w1}^{(n)}\eta_{\ell}^{(n)}+2\mu_{w}u_{w2}^{(n)}\eta_{\ell}^{(n)^{2}}+S\frac{\partial\eta_{\ell}^{(n)}}{\partial x})=0$,
$EqSt_{\ell}^{(n)}\equiv-St_{\ell}^{(n)(n+1)(n+1)}+\mu_{w}u_{w1}+2\mu_{w}u_{w2}\eta_{\ell}^{(n)}=0$, $\ell=p,$ $n$ (23)
$Sn_{\ell}^{(n)},$ $St_{\ell}^{(n)}$ $p_{w}^{(n)}$ n&h $n$ $y$] fJ
0 $u_{w1}^{(0)}=0,$ $u_{w2}^{(0)}=0$ (23) $x$
$\frac{\partial u_{w0}^{(0)}}{\partial t}+u_{w0}^{(0)}\frac{\partial u_{w0}^{(0)}}{\partial x}=g$ (24)
$\frac{\partial \mathrm{Y}_{s}^{(0)}}{\partial t}+\frac{\partial}{\partial x}(\mathrm{Y}_{s}^{(0)}u_{w0}^{(0)})=0$ (25)
$2 \rho_{w}\mathrm{Y}_{\theta}\frac{\partial^{2}\mathrm{Y}_{m}^{(0)}}{\partial t^{2}}+2\rho_{w}\mathrm{Y}_{s}^{(0)}(\frac{\partial u_{w0}^{(0)}}{\partial t}+u_{w0}^{(0)}\frac{\partial u_{w0}^{(0)}}{\partial x})\frac{\partial \mathrm{Y}_{m}^{(0)}}{\partial x}$
$+4 \rho_{w}\mathrm{Y}_{S}^{(0)}u_{w0}^{(0)}\frac{\partial^{2}\mathrm{Y}_{m}^{(0)}}{\partial t\partial x}+(2\rho_{w^{\}_{S}^{(0)_{u_{w0}^{(0)^{2}}-2T)\frac{\partial^{2}\mathrm{Y}_{m}^{(0)}}{\partial x^{2}}}}}}$
$=Sn_{p}^{(0)}-Sn_{n}^{(0)}$ (26)
$\mathrm{Y}_{s}$ , Yp
$\mathrm{Y}_{s}=\frac{1}{2}(\eta_{p}-\eta_{n})$ , $\mathrm{Y}_{m}=\frac{1}{2}(\eta_{p}+\eta_{n})$ (27)
$v_{w0}^{(0)}= \frac{\partial \mathrm{Y}_{m}^{(0)}}{\partial t}+\frac{\partial}{\partial x}(\mathrm{Y}_{m}^{(0)}u_{w0}^{(0)})$ (28)
(24)\sim (26)
(26) $Sn_{p}^{(0)}$ $Sn_{n}^{(0)}$ (21)
$u_{a}^{(0)}(x, \eta_{\ell}^{(0)}, t)$ $=$ $u_{w0}$ ,
$v_{a}^{(0)}(x, \eta_{\ell}^{(0)}, t)$ $=$







$\frac{\partial u_{a\epsilon}}{\partial x}+\frac{\partial v_{a\epsilon}}{\partial y}=0$
$\rho_{a}$ (u $\frac{\partial u_{as}}{\partial x}+v_{a\epsilon}\frac{\partial u_{as}}{\partial y}$) $- \mu_{a}\frac{\partial^{2}u_{a\epsilon}}{\partial y^{2}}=0$ (30)
$u_{as},v_{as}$ $\text{ }$ (24), (25)
$u_{w0}^{(0)}=\sqrt{2gx+u_{wI}}\approx\sqrt{2gx}$ ; $\mathrm{Y}_{s}=b(x)$ , $b(x) \equiv\frac{q}{2u_{w0}^{(0)}}\approx\frac{q}{2\sqrt{gx}}$ (31)






$u_{as}= \frac{\partial\psi_{s}}{\partial y}$ , $v_{a\epsilon}=- \frac{\partial\psi_{\epsilon}}{\partial x}$ , $\psi_{\epsilon}=u_{w0}^{(0)}\delta f(\xi)$, $\xi=\frac{y-b}{\delta}$ , $\delta=\sqrt{\frac{4\mu_{a}x}{3\rho_{a}u_{w0}^{(0)}}}$
$\frac{d^{3}f}{d\xi^{3}}+f\frac{d^{2}f}{d\xi^{2}}-\frac{2}{3}(\frac{df}{d\xi})^{2}=0$, $f|_{\xi=0}=0; \frac{df}{d\xi}|_{\xi=0}=1;\frac{df}{d\xi}|_{\xiarrow\infty}=0$ (33)
$y\geq b$ $y\leq b$




$u_{a}^{(0)}=u_{a\epsilon}+u_{af}$, va(0)=v $+v_{a[}$ , $\eta_{p}^{(0)}=b+\eta$[, for $y\geq b$ (35)
$u_{af},v_{af}$ etaf
$x$
$Sn_{p} \approx-p_{af}-2\mu_{a}\frac{\partial u_{a\ell}}{\partial y}\frac{\partial\eta_{f}}{\partial x}+2\mu_{a}\frac{\partial v_{a[}}{\partial y}$, at $y=b$ (36)
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$p_{af}[]$’E $x$
$\ovalbox{\tt\small REJECT}=-\rho_{a}(\frac{\partial u_{af}}{\partial t}+u_{as}\frac{\partial u_{af}}{\partial x}+v_{af}\frac{\partial u_{as}}{\partial y})+\mu_{a}(\frac{\partial^{2}u_{af}}{\partial x^{2}}+\frac{\partial^{2}u_{af}}{\partial y^{2}})$ (37)
$x$
$( \frac{\partial}{\partial t}+u_{as}\frac{\partial}{\partial x})\Delta v_{af}-\frac{\partial^{2}u_{as}}{\partial y^{2}}\frac{\partial v_{af}}{\partial x}-,\Delta^{2}v_{af}=0$ , $\frac{\partial u_{af}}{\partial x}+\frac{\partial v_{af}}{\partial y}=0$ (38)
(29) (35)
$u_{af}=- \frac{\partial u_{as}}{\partial y}\eta_{f}$ , $v_{af}= \frac{\partial\eta f}{\partial t}+u_{as}\frac{\partial\eta_{f}}{\partial x}$, at $y=b$ (39)
(37) 0 $f$]
ua$f/\partial t$
u $f$ | $f$]
36
(38)
$v_{af}=u_{w0}^{(0)}\Phi(\chi,\xi)e^{-i\omega t}$ , $\chi=\frac{x}{\delta}$ , $\xi=\frac{y-b}{\delta}$ (40)
(38)
$(-i \Omega+f\frac{\partial}{\partial\chi})\overline{\Delta}\Phi-\frac{d^{2}f}{d\xi^{2}}\frac{\partial\Phi}{\partial\chi}-\frac{1}{Re_{a}}\overline{\Delta}^{2}\Phi=0$ , $\overline{\Delta}\equiv\frac{\partial^{2}}{\partial\chi^{2}}+\frac{\partial^{2}}{\partial\xi^{2}}$ (41)
$\Omega=\frac{\omega\delta}{(0)}$ , $Re_{a}= \frac{u_{w0}^{(0)}\delta}{\nu_{a}}$ (42)
$u_{w0}$
(41) $\Omega$ , Re $x$ $\chi$
Orr-Sommerfelds
$(f-c)( \hat{\Phi}’’-k^{2}\hat{\Phi})-f’’\hat{\Phi}-\frac{1}{ikRe_{a}}(\hat{\Phi}^{\mathrm{i}\mathrm{v}}-2k^{2}\hat{\Phi}’’+k^{4}\hat{\Phi})=0$ , $\Omega\equiv\frac{\Omega}{k}$ (43)
$k$ ”’ $\xi$ (39) (40)
$\eta_{f}=\delta\zeta e^{:\Omega t}$ (44)
$\chi$
$\hat{\Phi}’(0)=ikf’(0)\hat{\zeta}$ , $\hat{\Phi}(0)=ic\hat{\zeta}+ikf(0)\hat{\zeta}$ (45)
0 2










$\overline{Sn}_{p}\equiv\frac{Sn_{p}}{(0)^{2}}$ , $\overline{Sn}_{\mathrm{p}}|\epsilon=0=-\frac{1}{Re_{a}}(-3\hat{\Phi}’(0)+2ikf’(0)\hat{\zeta}+\frac{1}{k^{2}}\hat{\Phi}’’’(0))$ ( )
$\rho_{a}u_{w0}$
(48) $\hat{\Phi}’’’(0)$ (43) ,A‘.‘
37Orr-Sommerfelds














$\int^{z}dz_{2}\int^{z_{2}}z_{1}^{\frac{1}{2}}H_{\frac{1}{s}}^{(2)}[$ -32e- zl-s2] $dz_{1}$ , for $-kRe_{a}f’(\xi_{l})>0$
$\gamma_{\infty}dz_{2}\gamma_{\infty}^{2}z_{1}\frac{1}{2}H_{\frac{1}{s}}^{(1)}[\frac{2}{3}e^{\frac{3-}{4}}.z_{1^{\frac{s}{2}}}]dz_{1}$ , $f$or $-kRae_{0}f’(\xi_{l})<0$
(54)
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. $H_{n}’$ ) $H_{n}^{(2)}$ $n$ 1 2 Hankel (54) $kR\ovalbox{\tt\small REJECT} f’(\xi_{8})$
$0$
$I_{1}(z_{2})= \int^{z_{2}}z^{\frac{1}{1^{2}}}H_{\frac{1}{3}}^{(2)}[\frac{2}{3}e^{-\frac{3\dot{\cdot}\pi}{4}}z_{1^{\frac{3}{2}}}]dz_{1}$ , $I_{2}(z)= \int^{z}(I_{1}(z_{2})-I_{1}(\infty))dz_{2}$ (55)
$I_{1(Z_{2})=\frac{2i^{\frac{3}{2}}\Gamma[\frac{1}{3}]}{3^{\frac{\tau}{6}}\Gamma[\frac{2}{3}]\Gamma[\frac{4}{3}]}1}F_{2}[ \{\frac{1}{3}\},$ $\{\frac{2}{3}, \frac{4}{3}\},$ $-i \frac{z_{2^{3}}}{9}]z_{2}-\frac{i^{\frac{1}{2}}(1+i3^{\frac{1}{2}})\Gamma[\frac{2}{3}]}{3^{\frac{11}{6}}\Gamma[\frac{4}{3}]\Gamma[\frac{5}{3}]}1F_{2}[\{\frac{2}{3}\},$$\{\frac{4}{3}, \frac{5}{3}\},$ $-i \frac{z_{2^{3}}}{9}]z_{2^{2}}$
$I_{2}(z)= \frac{2i^{\frac{3}{2}}\Gamma[\frac{1}{3}]}{3^{\frac{13}{3}}\Gamma[\frac{4}{3}]\Gamma[\frac{5}{3}]}1F_{2}[\{\frac{1}{3}\},$ $\{\frac{4}{3}, \frac{5}{3}\},$ $- \cdot\frac{z^{3}}{9}]z^{2}-\frac{i^{\frac{1}{2}}(1+i3^{\frac{1}{2}})\Gamma[\frac{2}{3}]}{3^{\frac{11}{3}}\Gamma[\frac{4}{3}]\Gamma[\frac{5}{3}]}1F_{2}[\{\frac{2}{3}\},$ $\{\frac{4}{3}, \frac{5}{3}\},$ $-i \frac{z^{3}}{9}]z^{3}$
$+ \frac{2i^{\frac{11}{6}}(3i+3^{\frac{1}{2}})\Gamma[\frac{1}{3}]\Gamma[\frac{2}{3}]}{27\Gamma[\frac{4}{3}]\Gamma[\frac{5}{3}]}J_{-\frac{2}{3}}[\frac{2}{3}i^{\frac{1}{2}}z^{\frac{3}{2}}]z-I_{1}(\infty)z$ (56)
$J_{-2/3}[z]$ -2/3 Bessel $1F2$ Pochhammer
$\xi=0$ (54) $A$
$-\xi_{\theta}=e^{i\pi}\xi_{\mathit{8}}$ for $-kRe_{a}f’(\xi_{s})>0$ ; $-\xi_{s}=e^{-:\pi}\xi_{s}$ $f$or $-kRe_{a}f’(\xi_{s})<0$ (57)









$\exp[-e^{:\frac{\pi}{4}}\sqrt{kRe_{a}(f(0)-c)}\xi]$ , $f$or $kRe_{a}(f(0)-c)>0$






$e^{-:\frac{\pi}{4}}\sqrt{|kRe_{a}(f(0)-c)|}$ , for $kRe_{a}(f(0)-c)<0$
(62)





$\ovalbox{\tt\small REJECT}_{1nv}.(0)\approx 1+\{1+i\pi-\frac{1}{k}+\log(\frac{1}{c}-1)\}(\frac{1}{c}-1)$ ,
$\hat{\Phi}_{\dot{\iota}nv}’(0)\approx 1+i\pi-\frac{1}{k}+\log(\frac{1}{c}-1)$ (64)
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